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Abstract. The basis of a representation space of any group may be chosen according to
its decomposition into irreducible representations of the group and a subgroup chain.
Coupling, recoupling, subduction and resubduction factors are each shown to arise as a
result of Schur’s lemmas and a particular group-subgroup structure. When induction and
Mackey’s subgroup theorem are considered new transformation factors occur, those of
induction and reinduction. Key properties of these factors are given, together with their
relationship with double coset matrix elements.

1. Introduction

From the works of Schur, Frobenius and Weyl we have a number of theorems
connecting the character theory of the symmetric and the unitary groups. This connec-
tion, which we call the Schur-Wey! duality, is made quite apparent through the use
of Schur functions (Littlewood 1940). But the duality goes further in that many
powerful equations can be established which connect various transformation coefficients
of the symmetric groups and the unitary groups.

In later papers we shall continue other authors’ recent extensions of the Schur-Weyl
duality. For this purpose we require some new resuits in the theory of transformation
coefficients for arbitrary compact groups, particularly in the area of induced representa-
tions. In this paper we derive these theorems. In so doing we present in § 2 a new
perspective on coupling (or isoscalar) factors, recoupling coefficients, and Kramer’s 6f
symbols, showing that they are all specialised transformation factors. Section 3 intro-
duces some double coset bases. Section 4 reviews the process of inducing from subgroup
to group and introduces the induction coefficient. Two other types of transformation
factors involving induced representations are given in §§ 5 and 6. Their relationships
to the induction coefficient are also given.

2. Remarks on transformation coefficients

For our purposes we take a representation I' of a (finite or compact continuous) group
G as a unitary vector space called a representation space Vy of finite dimension |T|
together with a set of unitary linear operators O} which map V into itself

Olg V[~—> VI‘ Vge G (2.1)
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48 R W Haase and P H Butler

and which obey the group properties. Because we restrict ourselves to finite-
dimensional unitary spaces, §8 4, 5 and 6 are restricted to induction of finite groups.
A reducible representation space is one which contains a proper subspace that is
invariant under the action of the group operators. An irreducible representation space
(or irrep space) of a group G is a representation space which is not reducible. An
irrep space is thus a minimal invariant subspace of a representation space. The action
of the group G on any representation space Vi leads to the decomposition into irrep
spaces. We write

Vr= V]ﬂ,,@ Vry@. ‘e (2.2)

Furthermore, from Schur’s lemma 1, two different irrep spaces Vr, and Vi, in Vr
are said to be equivalent if there exists an invertible linear operator A: V> V.,
such that O;” A = AO}". Equivalent irreps may be labelled with the same irrep label
v. An extra label z must then be included to distinguish the different equivalent irreps.
We call I and z parentage labels. We reserve lower case Greek letters for irrep labels.
The decomposition of V- in (2.2) may be rewritten as

VF=® VFzy (2.3)
zy

where the sum is over z and ¥.
A basis of the irrep space Vi, is given as the set

{T(G)zy(G)i):i=1,..., |7} (2.4)

where |y| is the dimension of V,,. The group label G is included as a means to
distinguish in later sections representation spaces of isomorphic groups. For this section
we shall omit the (G), writing |[T'(G)zy(G)i) as [T zyi). The bases of all irrep spaces
are chosen to be orthonormal. The action of all group operators on this basis set
determines an irreducible matrix representation (matrix irrep):

O% T zyiy =T zyi") (T zyi'|Og T zi) (2.5)

(the summation convention used throughout this paper is to sum on indices (Greek
or Latin) that occur only once in the bra or raised in a matrix, and only once in a ket
or lowered in a matrix). We note that for different equivalent irrep spaces Vr,, and
V., the irrep matrices in (2.5) may be different even though their characters are
identical. However, it is always possible to choose the bases of all the different
equivalent irrep spaces so that the irrep matrices are identical, that is, the irrep matrices
are independent of both I' and z. We write

(Tz'y'i'|Og|Tzyiy=6%,8", y(g)"- (2.6)

We call such a basis of V- a G basis.
An alternative G basis (we put on ‘hats’) can be formed by taking linear combina-
tions of the G basis vectors |[I'zyi),

IT290) = [T 29iXT zyi|T 51} (2.7)

The irreducibility (Schur’s lemma 1) requires that the transformation be diagonal in
y. In general the two G bases give rise to different irrep matrices. Such bases will be
called inequivalent G bases. However, if the irrep matrices are identical we term the
bases equivalent G bases. It is important to note that even though the irrep matrices
are identical, two equivalent G bases are not necessarily identical. In fact, by Schur’s
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lemma 2 the transformation in (2.7) between equivalent G bases must be diagonal
and independent of i, but is otherwise arbitrary:

(TzyilT 29y = (TzyT 2y)87 5 6';. (2.8)

Because all our bases are chosen orthonormal, the elements (I'zy|{[ £y) are elements
of a unitary matrix where z and £ are row and column indexes respectively (see Butler
1981, pp. 15-8).

Now consider the irrep spaces of G with respect to some subgroup H of G. In
general the irrep spaces of G are reducible representation spaces of H. If n,n"...
label the irreps of H, we write the decomposition of Vr,, into irreps as

Vl‘zy =® VFzyan (29)
an
where a=1,2,..., |y:n| is the branching multiplicity label which distinguishes the

|v:m| occurrences of the irrep space labelled by 7 in Vi,,. A basis of VT, is given
by the set of orthonormal vectors

{If(G)zy(G)an(H)j)=Tzyanjy:a=1,...,ly:nl,n(H),j=1,...,[nl} (2.10)

An important special case in which we recover a G basis occurs when H is the identity
group E with the single irrep O( E). We have |y:0|=|v| and |Tzyi01)=|Tzyi) where
i has replaced a. The group operator action on the basis vectors | zyanj) is
O[T zyanjy=|Tzya'n'j' /T zya'n'j'| O IT zyamj) forge G,

=T zyanj' )T zyanj'|O% T zyanj) forge H. (2.11)
In a similar manner to the definition of a G basis, we define a GH basis as a basis

which is simultaneously a G basis and an H basis. Note that an H basis is not required
to be a G basis. For both GH and H bases one has for he H

(Tz'y'a’n'j'|OL [T zyanj)=6*.87,8%. 8", n(h)’, (2.12)
and for the GH basis with ge G
Tz'y'a'n'j'|OgTzyanj)=8%,8", y(8)* " 0y (2.13)

Two GH bases are said to be equivalent GH bases if they give rise to identical irrep

matrices for both G and H (namely y(g)=%(g)); otherwise they are said to be
inequivalent GH bases.

In the remainder of this section, we ignore transformations in the parentage label
of G bases or GH bases expressed by (2.7). Instead, we look at the properties of the

transformation between inequivalent GH bases but equivalent H bases. The transfor-
mation may be written

T 29877) = T zyanj)X yanj| $d4;). (2.14)

Irreducibility (Schur’s lemma 1 applied to both G and H) foces ¥ =7y and 7 =1,
and the fact that we are transforming between equivalent H bases (Schur’s lemma 2
applies to H) forces j =j and independence of j, Hence

(yanjl387]) = (van|ydn) 875 y"; 8. (2.15)

See Bickerstaff (1980). Thus for such a transformation the irrep matrix elements of
(2.12) are changed to

¥(&) " 5= (yb' ' | ya 0" (€)Y o yav]ybn) for g€ G, (2.16)
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but the transformation leaves invariant the elements n(h)’, The property (2.15) of
this transformation is of great importance in the study of the Racah-Wigner algebra.
We call the associated transformation coefficient a GH transformation factor to
emphasise its independence from the subgroup basis labels and the parentage labels
of the group. With each such factored transformation, we associate the diagram of
figure 1. The alternative routes correspond to different GH basis vectors which have

;z

¥iG)

b< >a
niH)

/
0(£)

Figure 1.

the same H basis. The transformation factor (ybn|yan) is the archetype of a class of
transformation factors for any two group-subgroup schemes with common group and
subgroup. For example, the GH transformation factor for the scheme of figure 2 is
what we shall call the coupling factor and denote as

Kl kM
bla, a,

(kwbyan|(kaA; pazv)en)y ={ vy | A v ). (2.17)
a C
n n

xyl
%)(LHKXN\ %
116) AV (L xN}
a (4
\ ntH) /
lj
0 (£}

Figure 2.

We observe that if L and N are the identity group E then (2.17) reduces to a coupling
coefficient

(kpbyiOl(kk0, um0)10) = (kubyi|kkum) (2.18)

where a, a; and a, are replaced by i, k and m respectively. The special branchings
K XM>G and LXN > H, where K and M are isomorphic to G, and where L and
N are isomorphic to H, are termed couplings in the literature on the Racah-Wigner
algebra, and hence our use of the terms coupling factor and coupling coefficient.
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The scheme of figure 3 (we have omitted the parentage and subgroup basis labels)
gives another special transformation factor. This we shall call the recoupling factor
and denote

((Ap)an, v, by|A(uv)cx, dy). (2.19)

Apv (L xMxN)
MR
nv{HxN) Ax{LxK)
N /
yG)

Figure 3.

These factors can be defined with reference to coupling coefficients of (2.18)
((Ap)am, v, by|A(uv)ck, dy){Axdyi|Alkk)(puvexk|umon)
= (nuvbyi|njvn)(AuanjlAlum). (2.20)

If all six groups G, H, K, L, M and N are isomorphic, then (2.19) is the recoupling
coefficient, which is well known in the Racah-Wigner algebra and which is usually
defined by (2.20). See Butler (1981, equation (3.2.17)). To be consistent with our
terminology, we call this recoupling coefficient a recoupling factor.

A further example is the factor associated with figure 4 which we write as

(yan(bAp)v|ychx(duv)). (2.21)

¥i0}
7N\
nv{HxN) AL xK)
b\ /
ApvilxMxN)

Figure 4.

Kaplan (1962a, b) and Horie (1964) introduced such transformation factors for chains
of symmetric groups. Kramer (1967) has analysed and calculated these symmetric
group factors, which he termed 6f symbols, for all cases without muitiplicity. We shall
use the term resubduction factor for any transformation of the form given by figure 4.

In analogy with the recoupling factor, the resubduction factor can be defined by
four transformation coefficients of the type

(vanjkk|vyi). (2.22)

These coefficients describe the decomposition of irreps of G according to the group-
subgroup scheme G > H X K. Such coefficients will be called subduction coefficients.
They have been discussed by several authors (see Kramer 1967, 1968), especially in
connection with the symmetric groups. The relationship between the resubduction
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factor and subduction coeflicient is given as
(yan(bAw)v|ycAx (duv)Xxdumvn|ck)(ycAlkk|yi)
= (nbxlum|nj)yanjvn|yi) (2.23)

and may be used to define the resubduction factor.
To continue the analogy with Racah-Wigner coupling theory, we define the subduc-
tion factor

(yck(aip)A(azv)|yanbuv) (2.24)

which describes the transformation between the group-subgroup schemes given in
figure 5. When H is the identity group, (2.24) reduces to a subduction coefficient

(yex (k0YA(10)]vi010) = (ycxkAl|yi) (2.25)
where a is replaced by i, a, by k, and a; by [

y{G8)

N

XA (Kxl) ni{H

maz /

HVI(MxN)

/\

Figure 5.

3. Double coset bases

This section introduces the double coset decomposition which has been studied exten-
sively by Sullivan (1980, and references therein). In contrast to § 2 we study bases of
Vr., for chains involving G and G, = gGg ™' for fixed g € G. Clearly, for any subgroup

M of G, M, =gMg ' ={gmg~': me M} is isomorphic to M. We write M=Z M,. The
case for which g is a double coset representative is of particular interest.

The set H\G/K of double cosets HgK of a group G with respect to two subgroups
H and K is obtained by writing each element ge G as

g = hgk (3.1
where h € H and k € K. The elements q are called double coset representatives (Coleman

1966, p 21).
For each g, we have isomorphic subgroups

L(q)=H,nK, L,(q9)=qL(q)q", L,+(9)=q 'L(q)q. (3.2)

A space V., which is an irrep space of G, is simultaneously an irrep space of G,
for any g € G. Buta G basis is not equivalent to a G, basis because all pairs of matrices
y(g') and y(gg'g™") are not equal. Therefore consider transformations between the
bases represented by the chains G2 K>L, G>H>L,,G,>H,2Land G,2K,; >
L, as shown in figure 6. (For simplicity we shorten L(g) to L, but note the dependency
of L on q.)
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q

1 1G] —~ ¥164)
N —L niHy xikl  —L xiKky

‘\b\ \ / /
N g MLigh g
(Lq-w(q)) ——~— q —~— X(Lq(q))

Figure 6.

O] takes a GKL basis vector (respectively a GHL, - basis vector) into a GoK, L,
basis vector (respectively a G,H,L basis vector). That is,

O71v(G)ex (K)AA (L)1) = |y(G,)er (Kg)dA (Ly)D), (3.3)
0;1y(G)an(H) bA (L)1) =|y(Gy)an(Hg) bA(L))). (3.4)

The overlap between basis vectors of (3.4) and those of the GKL basis defines
Sullivan’s (1973) double coset matrix elements (DCMEs) which clearly have the factorisa-
tion property

(¥(G)an(H)bA' (L)' OZ1¥(G)ex (K)dA (L)])
={v(Gg)an(H,)bA'(L)!'|y(G)ex (K)dA(L) 1)
=(¥(Gp)an(H)bA(L)|¥(G)ex(K)dA(L)) 8", 8" . (3.5)

This type of transformation factor has been considered by Reid and Butler (1980,
1982) in their discussion of different (rotated) point group embeddingssuchasO>D,>
C, and O > D;>C, (see also Butler 1981, § 5.3). The resubduction factor of (2.21)
can be seen as a special case of a bcME for which in (3.5) Gy =G, H;= G, X G,
K =G, X Gy, L=G, XG,X G5 and the bases chosen such that g =e. It is not until
Mackey’s subgroup theorem is introduced in § 6 that we are able to use a powerful
completeness relation over the series of subgroups L(q).

4. Bases of induced spaces

The preceding sections discussed transformations arising from the concept of the
reduction of an irrep space V., of a group G into irreps of a subgroup H. A second
concept is that of induction, in which a representation space of G is obtained from an
irrep space V,, of a subgroup H. Induction is the tensor product of V,, with the left
coset space V. Not all physics texts on group theory discuss induced representations,
but Coleman (1966, 1968) and Bradley and Cracknell (1972) contain all the results
we need.

Recall that the space V. is obtained by associating each coset pH with a vector

|p) and that the group action in the space Vs is given by the permutation rep-
resentation:

0¢"°p)=1gp) (4.1)
The space is of dimension |H\G| =|G|/|H|. The induced representation space, Vi c®
Viu) = Vyne (or written simply as V,,.;), has the basis vectors

lyntpj)=|yn(H,)j)=|p)lyn(H)j) (4.2)
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where
H,=pHp™".

The basis {| p)} of V6, like the basis {|ynj)}, is not unique, but it is important in the
following that once chosen both bases remain fixed.
The action of g€ G on the induced basis vector |yn 1 pj) is given as

OF'lynton=2 lymtp' i imt (&), (4.3)

Writing gp as the (appropriate) coset representative p, times an element p;'gp of H,
(4.3) becomes

o7 |yvtpjy = OZ} &) ynj)y = OR O phi e ynj)
=|yntp'i) 8" ,n(ps'gp) ;. (4.4)

Observe that {{yn 1 pj)} is not a G basis but is a basis of a reducible representation
space of G of dimension |n|X|G|/|H|. The transformation into a G basis

lyn 1t piy=|yntayi)(n?tayiln?!pj) (4.5)

gives rise to matrix elements labelled by the index sets pj and ayi. We shall call these
elements induction coefficients. Their factorisation will be given in § 6. The Frobenius
reciprocity theorem implies that @ =1,...,|y: 0|, that is, the number of occurrences
of ¥ in the induced representation n(H)1 G equals the number of occurrences of
representation n(H) in y(G).

When n(H) is the identity irrep O(E) of E, the induced representation O(E)1 G
is the |G|-dimensional regular representation of G. The reciprocity theorem then
implies that if y is an irrep of G, the multiplicity of y in O(E)1 G is equal to the
multiplicity of O(E) in y(G), which is just the dimension |y| of y(G). Thus it follows
that 2, |y|*=|G]|, and (4.5) is a statement of the decomposition of the regular rep-
resentation of G into irreps.

5. Reinduction factors

In this section we define the reinduction factor and show its relationship to the induction
coefficients. Given the chain G > H > L the induction of an irrep A(L) into G is
equivalent to, that is, gives the same space as, the two-step process of inducing first
into H then into G:

AML)TG=(A(L)TH)1G (5.1)
(Coleman 1966, theorem 4). Hence, given the chain G2 K > L,
AL)TH)TG=(A(L)TK)1G, (5.2)

the transformatiori between the bases obtained by (i) induction to the intermediate
group (H or K), (ii) decomposition to its irreps (n or ), (iii) further induction to G
and (iv) decomposition into irreps of G gives rise to the transformation factor (see
figure 7)

(Atbntaylatdxtcy). (5.3)

We shall call this factor a reinduction factor. In its definition, we have ignored
transformations in the parentage label of A(L) and have transformed between
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AMLIG
/ Y\
niHI*G x{K)4G
a (4
$16)

Figure 7.

equivalent G bases. As a notational point observe that the arrows in figure 7 are
downward, as in the figures of § 2. This is because the (reducible) representation space
A(LY1G of G may be written as a direct sum of induced representation spaces of
either HtG or K1 G, each of which is a direct sum of representation spaces V, of G.

The reinduction factor is unitary over the index sets bna and dkc. As a result of
the Frobenius reciprocity theorem, the transformation factor (see figure 8)

(v(G)an(H)bA(L)|y(G) ek (K)dA(L)) (5.4)

is, for fixed y and A, unitary over the same index sets. It is not known if one can make
phase and multiplicity choices so that for the same labels the two factors are equal.

¥ (0}
7\
n(H) x{K)
()

ALY

Figure 8.

The reinduction factor can be defined in terms of four induction factors. This is
shown by giving alternative bases for the induced space A(L)1 G and using the fact
that each element of G can be written g=p,h=p, p,I'=pl' and g =p; k =psp,l' = pl’
where p, € H\G, p,€ L\H, p;€ K\G, p,se L\K. Thus

AT pD =11 p1p2ly=[A1 pibnf){A 1 bnjlA 1 pal)

=|A1bnTayi(nTayilntp XAt bnjir1p.]) (5.5)
and similarly
1A Pl =IA1p3pal) =[A1 psdick) (A1 dk|A § pul)

=[ATexdy' i) (kT dy' |kt psk)(A T drk]A 1 pal). (5.6)

The overlap of these two equations gives the reinduction factor in terms of four
induction coefficients:

(ATbntay|at et dy)(xtdyilct psk){(A T dkk|A 1 pal)
={nTayiln1p)(A1 bnjia 1 pD). (5.7)

The analogy with the recoupling factor which is defined with respect to four coupling
coeflicients is the reason for our choice of name reinduction factor.
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One particular type of reinduction factor which we shall be requiring in later
sections is the factor corresponding to figure 9. This will be written as

((Am)tan, v, 1 by|A(uv) ek, 1 dy) (5.8)

which by the Frobenius reciprocity theorem has the same unitary properties as the
resubduction factor of (2.19) and figure 4. This reinduction factor can also be written
as four induction coefficients (cf (5.7))

((Ap) 1 an, v, 1 by|A(uv)? ek, T dy){(Ax T dyilax T pslk) (uv T exk|uy T pamn)
=(nv1 byilnv 1 pi jm)(An T anjlAu 1 p2lm).
Observe that each induction coefficient G induces from a direct product subgroup,

for example in figure 9 L X M is induced into H.

ALV (LxMxN)4G

SN

nviHxNI¥G A {LxK)4G
W s
¥ {G)
Figure 9.

6. The induction factor and Mackey’s subgroup theorem

We can now form two special bases for the induced representation space V., u)1c.
The first is the GK basis labelled as

{Intaybck)y:a=1,...,lyinl, y(G),b=1,...,|yikl,x(K), k=1,... ||} (6.1)

where, as before, the Frobenius reciprocity theorem gives the range of a.

The second basis is obtained by writing each coset representative p of H\G as
p=rq where ge H\G/K and re L(q)\K (see Bradley and Cracknell 1972, theorem
4.7.5), and choosing the HL,-'(q) basis for the space V,. By writing the H bases in
this g-dependent fashion, the basis vectors of n(H)1 G may be written

|n 1 p=1p)n(H)j)=rg)|n(H)cA (L) D {ncAl|nj)
=|nN|n(H,)cA (L)) {ncAl|nj) (6.2)

where the g dependence of L must be remembered, and where (3.3) has been used,
namely

O n(H)eA (L)) = n(Hy)ea (L) D). (6.3)
The basis vectors
{INIn(H)cx(L)h:re L\K, I=1,...,|A]} (6.4)

for each gcA form an induced space A(L) 1T K for which a K basis may be chosen. By
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this route we have chosen our second basis for the original n(H)*t G space. It is
{In(H,)cA(L(q))1 dx(K)k)
=|gqncA tdxk):qe H\G/K, c=1,...,|n:Al, A(L(q)),
d=1,...,|i:«,k(K), k= ,...,Ix{}. (6.5)

The overlap between the basis vectors of (6.1) and (6.5) defines a new transforma-
tion factor (see figure 10) which we shall call the induction factor.

(n(Hy)cA(L(q)) 1 dx (K)|n(H) 1 ay(G)br(K))=(gncA 1 dx|n 1 aybk). (6.6)

HIY G ,i_, niH 4 Gg

/ RN

G) O M Lol —L @N(LighK

5 @ d
xiKpy =9 x [K)
Figure 10.

It is to be emphasised that the vector |gncA 1 dik) belongs to V)16, through the
action of O”T, which has been absorbed into the vector lncAdek) by (6.3). The
factor (6.6) is thus unitary on the index sets ayb and cA(L(g))d, where the summation
includes all possible subgroups L(q), one for each double coset representative g. The
induction factor thus differs from the transformation factors of the earlier sections in
that the sum involves groups as well as irreps and multiplicities.

In the language of Mackey’s subgroup theorem (Coleman 1966, theorem 8, Bradley
and Cracknell 1972, theorem 4.7.6) the induction factor transforms between the
representations

(n(H)TGNK and D [(nHHIL(@ITK. (6.7)
qe H\G/K
We remark that for the case in which K is the identity group, the induction factor
is just the induction coefficient defined in (4.4). Here the multiplicity labels b and ¢
label respectively a G basis for y(G) and an H basis for n(H). Since p=egq, each

double coset is a coset of H\G. Also L(q)=E for all g since K © L(g). Thus (6.6)
is rewritten

(n(Hg)cO(E) 1 10(E)|n(H) 1 ay(G)bO(E))=(n1qc|n 1 ayb) (6.8)

where we have used (6.2). Comparing this situation with taking H;=H,=H=E in
figure 2, that is, when the coupling factor reduces to a coupling coefficient, the choice
of name for this transformation factor becomes apparent.

In an alternative approach to induction theory using basis projection operators
(Young symmetrisers), Sullivan (1973) has shown that the weighted double coset
matrix elements (WDCMESs)

[IYH'\HHHKI
|GIILlInll«|

describe the transformation between the above two basis schemes of the induced

1/2
] (y(G)an(H)cA(Lg1)|Og|v(G)bk(K)dA(L))  (6.9)
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representation space. The relationship between the wbcME and our induction factor
involves definite phase and multiplicity choices and is not established here.

As an example of the above we take the symmetric groups H =S8;XS,, G=S8;,
K =85,%x8S; and the induced space u?=[21]1X[2]?. The coset space Vi, whose
representaties p are assumed chosen, has dimension ten so that |u1|=20. The.
Frobenius reciprocity theorem gives the decomposition of the induced space into G.
We have

21 X2(H)1 G =41+32+312+2%1(G). (6.10)

where we omit the brackets [ ] around the partition labels. The GK reduction follows
simply:

41(G) = (4+31) x 1(K), 32(G)=(31+2) x 1(K),
31%(G)=(31+21) x 1(K), 221(G)= (2 +211)x 1(K).  (6.11)

The alternative basis is given by first choosing the double cosets of which there are
two. Selecting g, =(e) and g, =(35), the subgroups L(q) of K are respectively

L(q1)=33X31XSOX51 and L(q2)=SZXSZXSIXSO. (6.12)

The identity group S, is inserted for convenience. The decomposition of 21 X2(H,)
into each L(q) is

21X 2(H,)=21%1x0x1(L(g,))
and
21X2(H,,) =2x2x1x0+1°x2Xx1X0(L(g,)). (6.13)

The coset spaces L(g)\K are determined by the choices of double cosets g and
cosets p, but here we do not need to specify them. We remark that each V)« is a
direct product of two coset spaces since we are performing two inductions, one into
S; and the other into S,. The dimensions of the coset spaces are

IL(g;)\K|=4x1 and [L(g:N\K|=6x1. (6.14)

Note that £, |L(¢)\K|=|H\G| which follows from the decomposition p = rg.
The resulting decomposition of each induced space A(L(q)) 1 K is again found by
the Frobenius reciprocity theorem. We have

21X1X0X1(L(g) 1 K)=(31+2*+21") X 1(K),
2X2X1X0(L(g) 1 K)=(4+314+2%)x 1(K), (6.15)
12x2Xx1%x0(L(g2) 1 K)=(31+21%) X 1(K).

The direct sum of all the irrep spaces of K is just the composition given in (6.11).
The unitary property of the induction factor is displayed by choosing an irrep of
K, say 31X1, and finding the index sets which, in this example, are

(ayb)=(y)=(41),(32),(31% (6.16)
and
(cAd)=(A)=(21x1x0x1),(2%x2x1x0),(1°X2Xx1X0),

since the multiplicities g, b, ¢, d may be omitted.
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6. Conclusions

Our desire to study the Schur-Weyl duality relating the symmetric and unitary groups
(Haase and Butler 1984) has led us to study transformations between alternative bases
of induced representations for arbitrary groups. As a preliminary, we have shown that
the well known 3jm or coupling and 6; or recoupling factors, and the less well known
6f or resubduction factor, are all special cases of a general type of basis transformation.
All transformations have properties which are a consequence of the conditions imposed
under the name, a GH basis choice. The conditions are the irreducibility of spaces,
arising from Schur’s lemma 1, and the G bases definition which enables us to use
Schur’s lemma 2.

The possible choices of basis for induced representation spaces has not been studied
often. Keeping within the perspectives of the above transformation theory, we have
defined the induction coefficient and two new transformation factors, the induction
factor and the reinduction factor. We have drawn an analogy with coupling theory in
that similar relationships hold for the transformations of induced spaces as for transfor-
mations of coupled spaces. The reinduction factor relates two bases of an induced
space V, (1)1, one basis derived from G > H > L and the other from G>K > L. The
induction factor involves both decomposition and induction via Mackey’s subgroup
theorem. Animportant feature is the presence of a sum over a set of special subgroups,
L(q)=qHq '~ K where ge H\G/K are the double coset representatives.
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